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Today’s Topics
• Questions?  Comments?
• What’s a basis?
• Fourier Transforms
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Review
• What’s a basis?
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Review
• basis of vectors =  a set of vectors that are linearly independent and 

span the vector space
– if a set of vectors Vspan spans the vector space, then any vector in 

the space can be represented by a linear combination of the vectors 
in Vspan
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Sinusoids as a Basis
• Fourier theory uses sinusoids as a basis.

• We will represent signals as a linear combination of sinusoids (cosines 

and sines).
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Sinusoids as a Basis

• There exists a basis of sinusoidal (sine and cosine) functions.

• A weighted sum of these basis functions is the Fourier series.  The 

weights are called coefficients.

• The process of representing a function by its Fourier series is called a 

Fourier transform.

• There are Fourier transforms for continuous and discrete functions of 1, 

2, etc.  dimensions.  

• Since we're dealing with images, we are interested in 2 dimensional 

Discrete Fourier Transforms
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Sinusoids as a Basis

• To transform an NxN grayscale image to another space (as represented 

by the basis),
– Take the dot product of the image with each basis image 

(there will be NxN basis images)
– This results in NxN coefficients, collectively described as 

the Transform
– e.g. if the basis images are the Fourier Basis images, then 

the resulting NxN coefficients are the Fourier Transform
– We lose no information when doing the transform. That is, 

there is a way to transform back to the original from the 
coefficients without loss.
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Sinusoids as a Basis
• Real images can be represented by Fourier series.  This allows us to say 

what spatial frequencies are in our image (those basis images with high 

valued coefficients).

• Equations for
– Euler's formula
– DFT (discrete Fourier transform)
– the inverse DFT

• u, v are spatial frequencies, compute F(u,v) for all u, v, from 0 to N-1

• F(u,v) represents the amount of contribution of the pair (sine and 

cosine) of basis images to the original image.  It is a complex number 

( the coefficient (weight) of those pair of functions. )

• The image, f(x,y), can be completely recreated without any loss of data 

from its transform F(u,v).
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Sinusoids as a Basis
• Look at equations for

– Euler's formula
– DFT (discrete Fourier transform)

• in this equation, what part is the original image, what 
part are the basis images, what part are the 
coefficients and what is being done to compute the 
coefficients?

• Note: on second slide of supplement pdf, equation 
8.4, there is a typo + should be - 

– the inverse DFT
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Sinusoids as a Basis
• DFT (discrete Fourier transform)

– f(x,y) is the x,y pixel of the original image
– (1/N)*(cos(ux + vy) - j*sin(ux + vy)) is the x,y pixel of a 

basis image --- with set values for u and v and N 
– F(u,v) are the coefficients 
– to compute an F for a particular u and v, take dot product of 

original image f with the basis image for that u and v

• u, v are spatial frequencies, compute F(u,v) for all u, v, from 0 to N-1

• F(u,v) represents the amount of contribution of the pair (sine and 

cosine) of basis images to the original image.  It is a complex number 

( the coefficient (weight) of those pair of functions. )

• The image, f(x,y), can be completely recreated without any loss of data 

from its transform F(u,v).
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Sinusoids as a Basis
• Inverse DFT (inverse discrete Fourier transform)

– f(x,y) is the x,y pixel of the original image
– (1/N)*(cos(ux + vy) + j*sin(ux + vy)) is the x,y pixel of a 

basis image
– F(u,v) are the coefficients 
– to compute f, multiply the F for a particular u and v times 

the basis image for that u and v (for all u’s and v’s)

• The image, f(x,y), can be completely recreated without any loss of data 

from F(u,v).
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Sinusoids as a Basis

• Notice the -j in the exponent of the DFT and the +j in the exponent of 

the inverse DFT.

• A note about the multiplier 1/N that is out front of the sums in both the 

DFT and Inverse DFT.
– this is for NxN images.  If the images are not square, say 

MxN, then the multipliers out front are 1/sqrt(M*N).
– Also, some definitions eliminate the multiplier on the DFT, 

but then the inverse DFT needs 1/(M*N).
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Sinusoids as a Basis
• For an NxN image, there are N^2 pixel values.  Note this is for 

grayscale images with a single intensity per pixel.

• How many basis images are there?

• How many “pixels” are there in each basis image?

• What is stored in each “pixel” of the basis images?

• What is stored in each Fourier coefficient?  
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Sinusoids as a Basis
• For an NxN image, there are N^2 pixels.  Note this is for grayscale 

images with a single intensity per pixel.

• How many basis images are there?
– N^2

• How many “pixels” are there in each basis image?
– N^2

• What is stored in each “pixel” of the basis images?
– A complex number

• What is stored in each Fourier coefficient?  
– A complex number
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Sinusoids as a Basis
• The complex coefficients are more useful to us in terms of the 

magnitude and phase (rather than the real and imaginary parts).

• Let's see equations for magnitude and phase

• The magnitudes correspond to the amplitudes of the basis functions

• The amplitude spectrum is the magnitudes collectively.

• The phase spectrum is the phases collectively.

• The power spectrum is the square of the amplitude spectrum.
– easier to compute --- just don't do the square root for 

amplitude

• These spectrums are often displayed as images.

• “Frequency domain” vs. “Spatial domain”
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Sinusoids as a Basis
• After transforming an image to its DFT, we can process the image in 

the frequency domain (e.g. change parts of the amplitude spectrum) 

and then do an inverse DFT to get an altered image.

• Useful in 
– enhancing images to remove certain frequencies (e.g. high 

frequency noise)
– extracting texture features --- the coefficients of certain frequencies 

can be used describe certain textures
– image compression

• can keep only some coefficients
• e.g. Jpeg uses DCT (Discrete Cosine Transform) which has 

similarities to a DFT, but with some nicer things (no complex 
coefficients, etc.) as part of its compression scheme  
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Aside: linear vs. log scale
suppose you have the following data:

   0, 10, 20, 30, 100, 200, 10000, 100000000, 100000000

   and you mapped that range 0-10^8 to 0-255 linearly

   formula is new = old * 255 / 10^8

  

     - all these: 0, 10, 20, 30, 100, 200, 10000 map to 0

     - and the two 100000000 map to 255
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linear vs. log scale
   if you mapped 0-10^8 to 0-255 logarithmically (base 10)

   formula is new = log(old) * 255 / log(10^8)

          0 ->   0

         10 ->  31

         20 ->  41

         30 ->  47

        100 ->  63

        200 ->  73

      10000 -> 127

  100000000 -> 255
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linear vs. log scale
  See how the large values don't "drown out" the lower values as much on 

the  log scale?
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Sinusoids as a Basis
• Typically the center pixel is u=0, v=0 of a power spectrum.

• Let's look at some images and their power spectrums.

• One thing to note:
– the magnitudes of the complex coefficients will often have a 

huge range
– for display, we use a log scale

• Notice that Magnitude of F(u,v) = Magnitude of F(-u, -v)
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