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Today’s Topics
• Questions?  Comments?
• What’s a basis?
• Last comments on Frei-Chen basis
• Sinusoids as basis
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Review from last time
• vector

• dot product of vectors

• orthogonal

• orthonormal

• basis of vectors

• Transform a vector into the space specified by the basis vectors

• Can we transform it back to the original vector space?
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Review
• orthogonal  = (perpendicular vectors == the dot product = 0)

• orthonormal = orthogonal and each have unit length

• basis of vectors =  a set of vectors that are linearly independent and 

span the vector space
– if a set of vectors Vspan spans the vector space, then any vector in 

the space can be represented by a linear combination of the vectors 
in Vspan
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Review
• This is an orthonormal basis:

{w1, w2, w3} = 

{(1/sqrt(2))[-1,0,1] ,  (1/sqrt(3))[1,1,1] ,  (1/sqrt(6))[-1,2,-1] }

Let's represent S = [5, 3, 10] in terms of this orthonormal basis

How do we do that?
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Review
• This is an orthonormal basis:

{w1, w2, w3} = 

{(1/sqrt(2))[-1,0,1] ,  (1/sqrt(3))[1,1,1] ,  (1/sqrt(6))[-1,2,-1] }

Let's represent S = [5, 3, 10] in terms of this orthonormal basis.

We take the dot product of S with each of the basis vectors.  

These result in three coefficients.

************The sum of these coefficients multiplied by each of the 

appropriate basis vectors is equivalent to S.  That is, the coefficients 

(along with the corresponding basis vectors) are enough to fully 

describe/determine the original vector, without loss.
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Basis
• Any 3 dimensional vector can be represented as a linear combination of 

basis vectors.

• Standard basis: {[1,0,0],  [0,1,0], [0,0,1]}

• example:  [5, 3, 10] = 5*[1,0,0] + 3*[0,1,0] + 10*[0,0,1]

• Different basis:
{(1/sqrt(2))[-1,0,1] , (1/sqrt(3))[1,1,1] , (1/sqrt(6))[-1,2,-1] }

• example:  [5, 3, 10] = A*(1/sqrt(2))[-1,0,1]  + B*(1/sqrt(3))[1,1,1] + 

C*(1/sqrt(6))[-1,2,-1]

• How to figure out A, B and C coefficients?
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Basis
• Different basis:

{(1/sqrt(2))[-1,0,1] , (1/sqrt(3))[1,1,1] , (1/sqrt(6))[-1,2,-1] }

• example:  [5, 3, 10] = A*(1/sqrt(2))[-1,0,1]  + B*(1/sqrt(3))[1,1,1] + 

C*(1/sqrt(6))[-1,2,-1]

• How to figure out A, B and C coefficients?

• Take dot product of original vector with each basis vector to determine 

the coefficient.

• Note well: The coefficients (along with the corresponding basis 

vectors) are enough to fully decribe/determine the original vector, 

without loss.
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Example
A = 5/sqrt(2) = approx. 3.5355

B = 18/sqrt(3) = approx. 10.3923

C = -9/sqrt(6) = approx. -3.6742

Notice the energy of original signal = 5^2 + 3^2 + 10^2 = 134

Energy of set of coefficients = (5/sqrt(2))^2 + (18/sqrt(3))^2 + 

(-9/sqrt(6))^2 = 12.5 + 108 + 13.5 = 134



Basis for 3x3 images
• This idea can be extended into 2-dimensions.  Let's consider small 

images --- 3 pixels by 3 pixels.

• One basis for the 3x3 images is simply a set of 9 3x3 images each one 

with one 1 and 8 zeros, none of which have the 1 in the same place.

• That is called the standard basis.

• Because a basis spans the vector space, every 3x3 image can be 

specified as a linear combination of the basis matrices.



Basis for 3x3 images
• Another more useful basis is the Frei-Chen basis (See handout)

– When used, this basis gives us some information about the 
underlying structure of an image.
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Basis for 3x3 images
• These basis matrices represent

– gradients (like edge detectors)
– ripples
– lines
– laplacians (draw on board)
– and constant

• Every 3x3 image can be specified as a linear combination of the basis 

matrices.

• Why might I describe the Frei-Chen basis as more useful than the 

standard basis?
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Basis for 3x3 images
• Also note that the energy of the original signal/image (sum of the 

squares of the elements) is equal to the energy of the coefficients of the 

basis images.

• But note for typical / real images, the energy is spread out over the 

entire image, however for the transforms (coefficients collectively) of 

those same images, the energy is more compacted and many are low/0.
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Sinusoids as a Basis
• Fourier theory uses sinusoids as a basis.

• We will represent signals as a linear combination of sinusoids.
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Sinusoids as a Basis
• Why might we want to represent an image as a sum of 2d sinusoids?

• Some motivation …
– Can be used to denoise images with a repeated noise pattern
– Can be used to describe/determine pattern in images
– Can be used for compression --- energy is compacted in few 

coefficients while most are low
• If we save only the high enough energy coefficients 

and throw away the ones that are 0 or really small
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Sinusoids as a Basis
• Definition of some terms

– wavelength, period
– frequency = 1 / wavelength
– amplitude
– phase
– (let's see a graph of sine)
– let's also see what a sinusoidal image looks like
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Sinusoids as a Basis

• There exists a basis of sinusoidal (sine and cosine) functions.

• A weighted sum of these basis functions is the Fourier series.  The 

weights are called coefficients.

• The process of representing a function by its Fourier series is called a 

Fourier transform.

• There are Fourier transforms for continuous and discrete functions of 

1, 2, etc.  dimensions.  

• Since we're dealing with images, are we going to use continuous or 

discrete?  How many dimensions?
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Sinusoids as a Basis

• How does this relate to the Frei-Chen basis?  Why did I introduce that 

basis first?
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Sinusoids as a Basis

• How does this relate to the Frei-Chen basis?  
– They both form a basis
– The transforms from the original to the basis space is done 

the same (dot product)
– We lose no information when doing the transform. That is, 

there is a way to transform back to the original from the 
coefficients without loss

– Why did I introduce that basis first?
• Because I thought it was a gentler introduction to the 

idea of a basis and transforming a signal to a new 
space represented by a basis
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Sinusoids as a Basis

• We are interested in 2 dimensional Discrete Fourier Transform (DFT)

• Many images have near constant regions as well as differing (in 

intensity) regions next to each other (causing abrupt changes / edges).

• It may not be obvious that summing up sinusoids could result in these 

types of areas.  

• Let's see a 1d example of summing up some sines that should convince 

us to some degree that sums of sinusoids can indeed result in those 

kinds of regions.
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Sinusoids as a Basis
• Real images can be represented by Fourier series.  This allows us to 

say what spatial frequencies are in our image (those with high valued 

coefficients).

• Equations for
– Euler's formula
– DFT (discrete Fourier transform)
– the inverse DFT

• u, v are spatial frequencies, compute F(u,v) for all u, v, from 0 to N-1

• F(u,v) represents the amount of contribution of the pair (sine and 

cosine) of basis images to the original image.  It is a complex number 

( the coefficient (weight) of those pair of functions. )

• The image, f(x,y), can be completely recreated without any loss of data 

from its transform F(u,v).
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