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Today’s Topics
• Questions?  Comments?
• Discuss Shortest path
• Start discussion of Balanced Binary Search Trees

– AVL trees



Graphs
• Shortest path algorithms

– problem is to find the shortest path from one given vertex to 
each of the other vertices.

– output is a list of paths from given vertex to all other 
vertices along with their path lengths

– what real world examples might ever want to find the 
shortest path?



Graphs
• the shortest path could be in terms of path length (number of 

edges between vertices)
• e.g. a direct flight has path length 1, flights with 

connecting flights have path length > 1
– Initialize all lengths to infinity
– Process the graph in a BFS order starting at the given vertex
– but when visit a node, also replace its length with the 

current length.

• Example on the board

• This is just BFS while also keeping track of path lengths.



• The definition of height of a node ni

– it is the length of the longest path from ni to a leaf.
– length is in terms of number of edges

• Definition of balanced
– ensure the depth of the tree is O(logN)
– require that for any node that

• the height of its left subtree is no more than one different than
• the height of its right subtree

– the height of an empty (sub)tree is -1
– Why not require (for all nodes) that the height of left and right 

subtrees (of any node) to be equal?
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• Why not require (for all nodes) that the height of left and right 

subtrees (of any node) to be equal?
– because for an arbitrary size n (number of nodes) there may not 

exist a tree that for all nodes, its LST and RST have equal heights.
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• Recall what a BST is.  Anyone?
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• Is any kind of balancing (size of left subtree vs. size of right subtree) 

required for BSTs?
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• Is any kind of balancing (size of left subtree vs. size of right subtree) 

required for BSTs?
– NO

• Example unbalanced tree on board.

• What are the (negative) effects of an unbalanced tree?

Balanced BSTs



• An AVL tree is a BST with the added restriction that
– for all nodes, the height of its left subtree is at most 1 different 

than the height of its right subtree.  The height of an empty subtree 
is -1.

– A node in an AVL tree contains 
• the data item, 
• reference to left child node
• reference to right child node
• height of the node
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• When we insert a node into an AVL tree we first insert as we would in 
a BST and update the height information in all the nodes on its path 
back to the root

• but there are several situations that we can encounter:
a) the tree retains the properties of an AVL tree (that is, no node has 

left and right subtrees that differ in height by more than 1)
b) or some node, alpha, along the path back to the root has subtrees 

that differ in height by 2 (stop there with the updating of height 
information) --- there are 4 cases

• 1) node inserted into LST of the LC of alpha
• 2) node inserted into RST of the LC of alpha
• 3) node inserted into LST of the RC of alpha
• 4) node inserted into RST of the RC of alpha

Note: only nodes on the path back to the root could possibly be 
affected by the insertion.

• LST = left subtree, RST = right subtree, LC = left child, RC = right child
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• Let's look at b) case 1)
b) some node, alpha, along the path back to the root has subtrees that 

differ in height by 2
• 1) node inserted into LST (left subtree) of the LC (left child) of 

alpha

• To rebalance the AVL tree in this situation, we do what is called a 

single rotation.

• Two concrete examples and then the example general situation for 

case 1 on the board.
– note: the triangles used to denote subtrees can either all be empty 

or they have relative heights as shown.
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• Let's look at b) case 4)
b) some node, alpha, along the path back to the root has subtrees that 

differ in height by 2
• 4) node inserted into RST (right subtree) of the RC (right 

child) of alpha

• To rebalance the AVL tree in this situation, again, we perform a single 

rotation.

• Example general situation for case 4 on the board.

• Case 1 and Case 4 are mirror images of each other.  As you are about 

to see, Case 2 and Case 3 are mirror images of each other.
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• Let's look at b) case 2)

b) some node, alpha, along the path back to the root has subtrees that 
differ in height by 2

• 2) node inserted into RST (right subtree) of the LC (left child) 
of alpha

• To rebalance the AVL tree in this situation, we perform what is called 
a double rotation.

• Example general situation for case 2 on the board.

• Note: either A,B,C and D are all empty OR

– One of B or C is 2 levels deeper than D
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• Let's look at b) case 3)
b) some node, alpha, along the path back to the root has subtrees that 

differ in height by 2
• 3) node inserted into LST (left subtree) of the RC (right child) 

of alpha

• To rebalance the AVL tree in this situation, we again perform a 

double rotation.

• Given the prior cases, would anyone like to attempt how to handle 

case 3 at the board?
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• Now, let's go through an example.

• Insert integer items into an AVL tree (initially empty) one at a time in 

order from 1 through 7.  Then 16 through 10 and then 8 then 9.
• Recall that we insert like in a BST, but after that we need to check if it 

is still AVL or not by travelling up towards the root and checking the 
heights of the LST and RST along the way.  If we get to a position 
where a node's LST and RST differ in height by more than 1, then that 
is alpha.

• We'll mark down the following after each insertion (and perform 

rotations if necessary)
– we'll note when no rotation is necessary, still AVL
– and we'll note when a rotation is necessary and state what node 

alpha is and which case it is (1, 2, 3 or 4)
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