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Today’s Topics
• Questions / Comments?
• Continue Binary Trees
• Binary Search Trees
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Tree terminology definitions 
(corrected)

• A perfect binary tree is a binary tree where every leaf 
has the same depth AND all internal nodes have 2 
children.

• A complete binary tree is a binary tree where the leaves 
with the maximum depth are all on the left (and any 
other leaves are only one depth fewer).  In other words, 
every level of the tree except the deepest level, must 
contain as many nodes as possible.  At the deepest level 
the nodes must be as far left as possible.
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Tree terminology definitions
• Two nodes are siblings if they have the same 

parent.
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Exercise
• How many nodes are there in a perfect binary tree 

of depth 8?
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Exercise
• How many nodes are there in a perfect binary tree of depth 8?

– root level has 1 node (which is 20)

– next level has 2 nodes (which is 21)

– next level has 4 nodes (which is 22)

– next level has 8 nodes (which is 23)

– next level has 16 nodes (which is 24)

– next level has 32 nodes (which is 25)

– next level has 64 nodes (which is 26)

– next level has 128 nodes (which is 27)

– next level has 256 nodes (which is 28)

• These added up are 29 – 1 = 512 – 1 = 511.
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Exercise
• How many nodes are there in a complete binary 

tree of depth 4?
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Exercise
• How many nodes are there in a complete binary tree of depth 4?

– root level has 1 node (which is 20)

– next level has 2 nodes (which is 21)

– next level has 4 nodes (which is 22)

– next level has 8 nodes (which is 23)

– next level has anywhere from 1 to 16 nodes

• So, adding these is anywhere from 16 to 31 nodes.

• When a binary tree has 31 nodes is it guaranteed to be a perfect 

binary tree?
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Exercise
• Is a binary tree of 12 nodes 

– perfect?

– complete?
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Exercise
• Is a binary tree of 12 nodes 

– perfect? 

• No

– complete?

• possibly
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Application of binary trees
• The game 20 questions

– The game consists only of yes/no questions

• Each node can contain a question (or answer)

• If it contains a question, 

– If the answer to the question is yes then the left child node 
contains the next question to ask (or the answer to give)

– If the answer to the question is no then the right child node 
contains the next question to ask (or the answer to give)
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Application of binary trees
• What could you say about the nodes that contain answers, not 

questions?
• Assuming a perfect binary tree of depth 20 to be used for the 

game, how many possible answers could your tree 
differentiate between?
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Application of binary trees
• What could you say about the nodes that contain answers, not 

questions? 
– They are leaves.

• Assuming a perfect binary tree of depth 20 to be used for the 
game, how many possible answers could your tree 
differentiate between?

220 = 1048576 (over 1 million)

that's the number of leaves

The number of questions in the tree are 220 – 1 = 1048575

The number of nodes in the tree are 221 – 1 = 2097151
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Implementation of binary trees
• Similar to how we implemented a linked list of nodes, we can 

implement a binary tree of nodes where each node contains a 
reference to a left child and a right child (each of which could 
be null.)

public class BTNode
{

private int data;
public BTNode left;
public BTNode right;

// constructor that sets left and right to null
public BTNode(int i)
{

data = i;  left = null;  right = null;
}

}
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Implementation of binary trees

public class BinaryTree
{

private BTNode root;

// constructor that sets root to null
public BinaryTree()
{

root = null;
}

// plenty more methods here to insert nodes, etc...
}
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A few operations on binary trees
• getLeftmost node

– Starting at root, follow the left until you hit a node whose 
left is null.  That node is the leftmost node.

• getRightmost node

– Starting at root, follow the right until you hit a node whose 
right is null.  That node is the rightmost node.

• According to these definitions, will the leftmost and 

rightmost nodes always be leaves?



Michael Eckmann  -  Skidmore 
College  -  CS 206 -  Spring 2020 

A few operations on binary trees
• The leftmost node can have a right child and the rightmost 

node can have a left child, so the leftmost and rightmost 
nodes in a binary tree aren't necessarily leaves.

• Later we'll talk about how to create recursive methods to 
remove these nodes.



Michael Eckmann  -  Skidmore 
College  -  CS 206 -  Spring 2020 

Traversals of binary trees
• There are three typical ways to traverse a binary tree – 

preOrder, postOrder and inOrder.
• preOrder

– process root

– process nodes in left subtree with a recursive call

– process nodes in right subtree with a recursive call

• Example on the board of a preOrder traversal.
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Traversals of binary trees
• postOrder

– process nodes in left subtree with a recursive call

– process nodes in right subtree with a recursive call

– process root

• Example on the board of a postOrder traversal.
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Traversals of binary trees
• inOrder

– process nodes in left subtree with a recursive call

– process root

– process nodes in right subtree with a recursive call

• Example on the board of an inOrder traversal.
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Implementing the traversals of 
binary trees

• Let's assume the processing we're doing to each node is just 
printing the data in that node.

• So, for preOrder traversal we need to do the following 

– print the root's data

– do a preorder traversal of the left subtree

– do a preorder traversal of the right subtree

• Notice the recursion?
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Implementing the traversals of 
binary trees

• The only issue is when to stop the recursion.
• To do a preOrder traversal of the left subtree there has to be a 

left subtree.  If there is no left subtree (that is, left == null) 
then don't traverse that anymore.

• Same for a preOrder traversal of the right subtree - there has 
to be a right subtree to traverse.  If there is no right subtree 
(that is, right == null) then don't traverse that anymore.
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Implementing the traversals of 
binary trees

• So, for preOrder traversal we need to do the following 

– print the root's data

– If (left != null)

• do a preorder traversal of the left subtree

– If (right != null)

• do a preorder traversal of the right subtree



Michael Eckmann  -  Skidmore 
College  -  CS 206 -  Spring 2020 

Implementing binary tree traversals

// this method lives inside the BinaryTree class and can only be called 
// from within it

private void preOrderPrint(BTNode node)

{

     System.out.println(node.data);

if (node.left != null)

preOrderPrint(node.left);

if (node.right != null)

preOrderPrint(node.right);

}
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Implementing binary tree traversals

// we need a way to start the traversal off ...
// this method lives inside the BinaryTree class 

public void preOrderPrint()

{

       if (root != null)

preOrderPrint(root);

       }
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binary tree representation
• Besides representing a binary tree as a structure of nodes 

where each node has 

– data and

– references to other nodes (left and right).

we can store a binary tree in an array.  The 0th index will 
hold the root data, the 1st and 2nd will hold the root's left 
and right children's data respectively.  The root's left 
child's left and right children's data are in 3rd and 4th 
indices etc.

• Each level of the binary tree is stored in contiguous indices.
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binary tree representation
• Node i's children are at 2i + 1 and 2i + 2.
• Example:  root is at 0, it's left child is at 1 and right is at 2.
• i=0,     2i+1 = 1,     2i+2 = 2
• Another example: the root's right child is at 2 and that node's 

children are at 5 and 6.
• i=2,     2i+1 = 5,     2i+2 = 6

• Now, given an index of a node, how can we determine where 
the parent lives?
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binary tree representation
• This scheme works really well for perfect binary trees or at 

least complete binary trees.
• Why?  Because if we know the number of nodes in the tree, 

that is the number of elements in the array.
• Problem when we want to add to the tree.

– Possible solution is to create a really large array and keep 
track of the index of the deepest, right node and never 
allow any code to look at any indices higher than that 
except when adding nodes.

• Problem if the tree is not complete.

– We'll have holes in the array.
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binary tree representation
• Problem if the tree is not complete.

– We'll have holes in the array.

• Why is this a problem?
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binary tree representation
• Problem if the tree is not complete.

– We'll have holes in the array.

• Why is this a problem?
– wasted space
– need some indicator value that it a node is not there 

(e.g. if the type was a class type, null would be a 
good choice)



Binary Search Trees

• Binary Search Trees (BSTs)
–Definition
–Example of a BST and verification that it is one
–Are BST's unique for a given set of data?
–Algorithms
• print keys in ascending order
• Search for a key
• Find minimum key
• Find maximum key
• Insert a key



Binary Search Trees

• Binary Search Trees (BSTs)
– A tree that is both a binary tree and a search tree.

– we know the definition of a tree and a binary tree so:

– We just need to define search tree.
•  A search tree is a tree where 
– every subtree of a node has data (aka keys) less than any 

other subtree of the node to its right. 
– the keys in a node are conceptually between subtrees and 

are greater than any keys in subtrees to its left and less 
than any keys in subtrees to its right.



Binary Search Trees

• A binary search tree is a tree that is a binary tree and is a search 
tree.  In other words it is a tree that has

– at most two children for each node and

– every node's left subtree has keys less than the node's key, and 
every right subtree has keys greater than the node's key.

– Definitions taken from http://www.nist.gov/ (The National 
Institute of Standards and Technology)

http://www.nist.gov/


Binary Search Trees
                   F 

                /     \

              B       H

             /  \         \

           A   D       K

• Assume Alphabet ordering of letters.

• Let's verify whether it is indeed a binary search tree.

–What properties does it need to have again?

–Does it satisfy those properties?



Binary Search Trees
• Are BST's unique for a given set of keys?

• Let's build a tree for the list of keys

– 13, 45, 10, 9, 54, 11, 42

– Choose 13 to put in the root and go from there



Binary Search Trees
• Are BST's unique for a given set of keys?

• Let's build a tree for the list of keys

– 13, 45, 10, 9, 54, 11, 42

–What if we change the order that we insert the keys?

–What if we choose a different key as the root to start?



Binary Search Trees
• Let's assume array implementation

• Consider algorithms for
– Search
– Insert
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